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INTRODUCTION

The research effort covered by this report has been
directed towards providing a more thorough understanding
of the possibllities and limitations of utilizing feedback
telemetry systems to minimize the required spacecraft
power supply energy.

A survey of the pertinent literature concerning feed-
back communication systems is given. None of these papers
consider the feasibility of a tradeoff between spacecraft
energy and error probability. The assignment of loss (or
cost) functions to both the expended energy and the probab-
11ity of error permits system optimization to be reduced
to a minimization of the expected value of the overall
loss function. A brief description of potential loss
functions is included.

The error probability for a phase coherent sequential
detection feedback telemetry system is calculated and the

| optimum word length for a memoryless feedback system is

also presented. Also, the performance of a truncated
(finite maximum number of retransmissions) memoryless

feedback system is determined and the reduction in the

required energy 1s calculated for a typical system.



BACKGROUND

Schwartz, Harris, Metzner, Morgan, Hauptschein, and
Chang have written a series of interrelated papers inves-
tigating the use of feedback in communication systems.
(Much of the content of these papers is summarized in
Chapter 10 of L.S. Schwartz's bookle.) They classify feed-
back communication systems into two broad areas as follows:

1) Decision feedback: Either a null-zone decision
system or an error detectihg code 1is used with
the result that the receiver decldes whether
or not the message should be retransmitted.

2) Information feedback: The receiver decodes the
message and sends the decoded message back to
the transmitter via a feedback path. The trans-
mitter then decldes whether or not the message
was received correctly and proceeds accordingly.

These authors treat blnary transmission using nu11¥
zone reception techniques. The null-zone receiver uses two
thresholds and demands that a message be repeated only 1if
the received message falls in the null-zone. In this type
of feedback system the probability of making an error in
reception is made smaller by increasing the null-zone thresh-
olds, but this is done at the expense of decreased informa-
tion rate. For example, according to Schwartzl2, with a
SNR of 6 db a non-feedback system will have an information
rate of 0.84 and an error probability of 0.06, while a
null-zone feedback system adjusted for optimum rate has an
information rate of 4 percent higher and an error probability
of 0.01."




This group of authors also considered the problem of
minimizing the average transmission time (for specified
error probability) by adjusting the null-zone thresholds
on subsequent transmissions of a repeated message, ob-
taining the result that the uniform-null, non-truncated
system 1s optimum. They also show that for truncated
discarding decision-feedback systems an optimum procedure
exists for adjusting the null-zone levels on subsequent
transmissions; however, the lmprovement in the error
probability is small and, therefore, nonuniform adJjust-
ment of the thresholds in truncated systems 1s not
recommended.

The effects of cumulative decision feedback (sequential
detection - the transmitter keeps repeating the transmitted
message untll the recelver indicates the message 1s no
longer ambiguous) to combat "fast-fading" in smaller-multi-
path reception was 1lnvestigated by Chang et all, assuming
the SNR was Raleligh distributed and the nolse additive
Gaussian. They show, for instance, that for SNR = O db and
P, = 10"6, the cumulative decision feedback system 1s better
than the discarding decision feedback system by a factor

of about 18 with respect to normalized transmission time.

Metzner and Morgan8 consider using feedback together
with long code groups. By emphasizing error detectlion
rather than concentrating exclusively on error correction
a reductlon in error probability of several orders of
magnitude 1s achieved while only slightly increasing the
transmission time. The codes used are Hamming codes.

Information feedback systems allow incorrectly de-
coded messages to be subsequently corrected since the



transmitter knows when errors are made. Chang2 describes

a single error correcting procedure (iterative discarding)
based on the ability to transmit an erasure symbol.

Schwartz claims that information feedback is better than
decision feedback provided the SNR i1s about 3 db or

greater, while decislon feedback is better for small signal-
to-noise ratios, there being a sharp threshold effect.

A better information rate than that obtainable with
iterative discarding (errors are immediately corrected) is
obtainable by having the transmitter transmit synchronous
error messages consisting of coded error positions and
corrections. Also, truncation problems may arise in finite
memory information feedback systems due to the possibility
of long delays before a message 1s correctly received.
Harris, Morgan, Hauptschein, and Schwartz4 compare lInfor-
mation and decision feedback systems (two bits per word)

for SNR's of O and 6 db and for different truncation lengths.
The data 1s exhibited by plotting error probabilities
versus average normalized transmission times.

Turin, 1in two paperslu’IS, obtained a partial solution

to the problem of signal design for binary signals corrupted
by additive white Gaussilan noise in the forward channel by
using information feedback. The feedback quantity (using

a noiseless delayless channel) was the a posteriori un-
certainty function. Sequential and non-sequential (fixed
transmission time) detection were considered, and for a
fixed error probability the transmisslion time was minimized.
The class of binary signals considered was of the form
S,(t) = +U,(y)o(t), where y is the uncertainty. Exact
solutions were obtained for the two cases where the ratio
of peak-to-average power was zero and unity.
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Horstein extends Turin's analysis by considering

arbltrary peak-to-average power ratios.

Viterb116 has Investigated binary and M-ary contin-

uous sequential decision feedback systems over the Gaussian
channel. For the binary case the transmitter uses PSK with
sinusoidal waveforms, and for the M-ary case FSK sinusoidal
signals are used. For the binary case the SNR may be re-
duced by a factor of four at low SNR's compared to that of
a non-feedback channel operating at the same error pro-
bability and rate.

In the M-ary case the improved performance exhibited
by the sequential decision system compared to the non-
sequential system 1s expressed in the exponent of the error
bound.

P, = wm-(C/R)® Lsth reedback and

P, = gk~ (C/R)a' i thout feedback

where R 1s average rate of transmission.(In sequential
detection the time to transmit each signal 1s a random
variable). Viterbi shows that %T ranges between two and
four while R/C varies between one-fourth and one.



LOSS FUNCTIONS

In analyzling feedback communication systems the
primary interest of most investigators has been in minimizing
the probability of error. In more reallstic situations one
is also interested in minimizing the energy used in trans-
mission by the satellite and in maximizing the information
rate. These are all conflicting requirements so that in
actual systems a compromise has to be made according to
the designer's a priorl knowledge of the cost or loss due
to an error, the energy used, or the information rate.

To formulate the problem mathematicaily, a loss function
conforming to this a prioril knowledge wlll be defined and
designated as L(pe, E, r) where Pe is the probablility of
error, E 1s the energy used and r i1s the informatlon rate.
Having chosen a loss function it will then be possible to
determine the parameters of any glven system to minimize
the expected loss. In addition, different systems can be
compared in terms of their expected loss. '

Basically there are two general types of feedback
communication systems: decislon feedback systems and infor-
mation feedback systems. 1In decision feedback schemes the
ground receiver examines the received signal and decides
whether to accept it as correct or reject it and ask the
satellite to retransmit. This decision can be based, for
example, on the use of an error detecting code, knowledge
of the signal-to-nolse ratio at the receiver, or by com-
parison of the received signal with a predicted signal.
In information feedback schemes the received signal or
some characterization of the received signal is retrans-
mitted to the satellite. The satellite then decides what



course of action to take. Decilsion feedback has the advan-
tage that the receiver specifies the transmission format.

In information feedback the receiver must estimate the
format from the recelved signal, thus introducing additional
probability of error.

An investigation 1s presently being conducted to
determine an optimum class of loss functions. The following
decision feedback scheme 1is gilven as an example.

The ground receiver estimates the signal-to-noisé
ratio and on this basis requests that the satellite retrans-
mit the message. Assume that the message is transmitted
k times. It will also be assumed that the energy for
transmission of a one is the same as for a zero. Therefore,
the energy used in transmission would be STk where S is
the average signal power and T 1s the message length. The
receiver will be assumed to be a maximum likelihood re-
celver, and the cases of both sequential and nonsequential
detection will be investigated. As a first step the loss
function could be chosen as L(p,, E) = A p, + STk where
A is an arbitrary constant.

A more sophisticated loss function is given by:
p

a pekm)l/n where k is the expected number of trans-

missions, km is the maximum allowable number of transmissions,
n is the number of bits per word, Pe is the word error
probability, and B 1s the ratio of energy per bit to noise
power spectral density. An even better loss function would
depend on the energy remaining in the satellite's battery
rather than the cumulative energy used. For example, 1f

E, 1is the initial battery energy, p(t) is the power supplied



to the battery from the solar cells, and s(t) is the
signal power, then the remalning energy Er is

E, = E, +[z p(t)dt -[Z s(t)dt.

A formulation of this type would allow one to choose s(t)
to optimize the performance when the satellite 1s encounter-
ing periods of both light and darkness.



ERROR PROBABILITY FOR FEEDBACK SYSTEM
~ EMPLOYING SEQUENTIAL DETECTION

Consider the calculation of the error probability
for a sequential detection phase coherent system employlng
feedback in which n bits of information are sent over a
Gaussian channel using of orthogonal signals of duration A.
At the end of A seconds the receiver decides which message
was sent and relays the decislon back to the transmitter
using a noiseless (i.e., error free) feedback channel. The
transmitter then sends a confirm signal if the correct
decision was made and otherwise sends a reject signal followed
by a retransmission of the entire message, again taking
A seconds to do so. The probability of an error after
the first transmisslion is

o N
P, =1 -f::m £ (x - VE)) [2/\‘—; £(y) dylzn'l dx

energy in each of the orthogonal signals and

where E =
s
2
fla) = 1 @ /No
VWNO

It is customary to use P as the independent varilable.

a-Llls_ S _ ST
n No No n No
Es
S = average power = 3
T = time per bit = %A.

This 1is done to provide a means of comparison between
orthogonal systems with different values of n.
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Suppose after the first transmission an error is
made and the transmitter retransmits the signal after verifi-
cation of the error. This eliminates the possibility of
transmission of the signal previously decoded and does
not in any way effect the relative (to each other) probab-
ilitles of the remaining 27-1 choices. Therefore, the
error probability i1s now: '

® /N
Pe2 =1 -d;; f(x- {EE; ) LZE °

ohn_
£(y) ay]® ~2ax

The overall word error probability 18 now equal to the

product Pe Pe s and the expected value of the required
1 72 .
transmission time 1is:

a1 + Pel)

Also, the transmitted energy is proportional to: (1 + P, ).

1

The word error probabilities Pe and Pe can be

1 2
consldered to be functions of n and B. For large values: of
n, it follows that

Pel(n: B) = Pe2(n, B) = Pe(B)

Therefore, the overall error probabllity is approximately
equal to:

P,(B) P_(28)

For smaller values of n, the above represents an upper
bound for the overall error probability.
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OPTIMUM WORD LENGTH FOR MEMORYLESS FEEDBACK SYSTEM

Consider the transmission of a total of 8 bits of
information via a Gaussian channel using n-bit orthogonal
codes, and assume the existence of a noilseless feedback
channel which allows the transmitter to know what decision
the recelver has made about the transmitted word. It is
assumed that the transmitter repeats transmission of words
that are recelved in error until they are correctly re-
ceived and also that the receiver examines only each new
signal of length n bits in the decision process, and
discards the previously transmitted signal completely.
(The result 1s easily modified if sequential detection is
employed. See previous section.) It is also assumed that
some method exists to allow the transmitter to inform the
recelver to accept the correctly decoded message or reject
the incorrectly decoded message. This may be done by using
a separate channel, or by data format, or by lnterleaving
accept or reject signals between the data words, provided
these accept or reject signals are essentlally errorfree.

It is of interest to know how the length of the code
words affects the performance of such a system. Assume a
total of 8 bits of data that must be transmitted with no
errors. Let the longest code word to be considered have

length N and for ease in comparing results assume

max’
6= (N )! so that 6 1s divisible by every integer J,
1<J <N, Letps= ST/NO, the ratio of energy per bit

to noise power spectral density, be fixed. That is, the
transmitted energy per bit (whether accepted or rejected)
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and the channel noise variance are fixed. The total
energy required to transmit without error the 8 bits is

[number of] [word length] [expected no. of trans.] [ener

BY
E words in bits to get a word correct per bi‘c:I

total

(2] [n] (K] [ST]

8ST k

where k i1s the expected value of the number of trials nec-
essary to transmit each word correctly. If the probability
of Incorrectly decoding a transmitted word of length n is
given by Pe(n), then the probabllity density function of k
is given Dby:

P

£(k) = [P (n [1-Pe(n)] ,k=1,2, ..., =

Therefore:

kK = %1 k[Pe(n)]k'ltl-Pe(n)] = -1—:52-(;;)-

or if Pe(n) << 1 then

k ~[1+ P, (n)]

Upon examining a plot of Pe(n) versus B 1t 1s seen
that, if B > 1, then Pe(n) is a monotone decreasing function
of n for fixed B, and Etotal will also decrease an n increases.
On the other hand if B < 1 then Pe(n) and E .., will
increase with n. Hence, for B > 1 we should use the longest
codes available, and for B < 1 we should use the shortest
codes avallable.
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PERFORMANCE OF TRUNCATED MEMORYLESS FEEDBACK SYSTEM

Consider the performance of a memoryless system em-
ploylng an errorfree feedback channel when the number of
retransmissions 1s arbitrarily truncated. Assume that the
system 1s transmitting a 10-bit orthogonal code. If B
remains fixed each time a word is transmitted, so that the
probability of an error on each reception is fixed, and if
the maximum number of trials is km’ then the probabllity

that a word 1s not received correctly after the km trials is:

km
(P (10)]
The total energy required, on the average is
km—l
>~ st [p(10)1
J=0

and truncated systems of this type may be compared with
others by specifying a fixed word error probability. For
example, 1f a 10-bit code word is to be received with an
error probabllity of 10'5, then a sequential memoryless
system with a truncation length of three trials must have
a word error probability for each trial of P (l =
(109)1/3 ~ 0.022 which yields p = ST/N_ = 1.6.

The average energy required 1s

1.6(N,) (1 +.022 + (.022)% + *°*) = 1.63(N,).

A non-sequentilal system with the same error probability will
have B = 4 so that the sequential system with truncation
length of 3 and error probability of 1072 1s 60 percent

more efficient from an energy standpolnt.

Other sequential decision techniques may be used. For
example, consilder a memoryless truncated scheme in which B
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is increased on subsequent transmissions. Let n = 10

bits and let the truncation length be three trials, but now
assume the time per word 1s doubled in each subsequent trans-
mission so that the times per word are To, 2To, and MTO. |
If STO/NO = 1.8 initially, then the probabilities of
incorrectly receiving the three orthogonally coded words

are approximately 10‘2, 4 x 10'5, and 3 x 10 . The trun-
cated system will have an error probabllity of:
1072 x 4 x 107° x 3 x 10_8 - 12 x 1072 and will use an

average energy of

(1.8 + 3.6 x 1072 + 7.2 x 4 x 107°) (N,) = 1.8(N)

A single-shot transmitter-receiver opreating in the same
channel sending 10-bit orthogonal code words at the same
error probability will need about 15 times the energy per
code word. Thus, it is clearly evident that sequential
systems employling errorfree feedback can provide very

low error-probabilities while at the same time minimizing
spacecraft energy consumption.

Substantial energy reduction 1s possible even 1if one
uses a one-bit word for the accept or reject signals which
are interleaved with the n-bit code words. For example,
consider a memoryless system sending 10-bit orthogonal code
words and usling a one-bit accept or reject code. Let
P = Pe(lO) be the probability of incorrectly decoding a
10-bit word on each trial, and let Q = Pe(l) be the probab-
ility of making an error on the one-bit signal. With a
truncation length of two (so that the one-bit message is
sent only once) the overall probability of error is

Plerror) = (1-P) QP + P° (1-Q) + PQ.
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Let T1 be the time per bit allocated to the code word and
let T2 be the time allocated to the accept or reject bit,
and assume the average power is equal to S throughout. The
average energy required to transmit the 10-bit code word
will be:

[STl (1+P+Q -2PQ) + ST,1 = s(Tl + T2) if P,Q << 1.

For example, if P = 107° = P_(10) and Q = 1072 = P.(1),

then B, = STl/No < 1.8 and By = ST2/No R 5.2 and we see
P(error) A3 x 10"2‘L while the expected value of the energy

is 23 (NO). A one-shot 10-bit orthogonal code system with
the same error probability would have an average energy

of 30 (No) so that the truncated system in this example

1s 23 percent more efficient in its use of energy. For
systems like this the energy allocated to the accept or
reject signal must be kept small. If not, the non-sequential

system will be better. For example, with n = 10, P = 10‘2,

-2

Q= 10-4, we 'see that the expected value of energy is
33 (No) and P(error) ® 10-4, whereas a non-sequential
system with Pe(lO) = 10‘4 would require only ST = 30 (No).
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